The idea of using sum rules expressing different single-particle transition operators in terms of higher powers of other operators, recently devised by D. H. E. Gross and the present author, is applied to the description of nuclear rotational motion in a proton-neutron system. For simplicity, we restrict ourselves to the single jp-and jn-shell model with a quadrupole interaction. Moment of inertia, quadrupole moments; transition probabilities and collective g-factor show excellent agreement with those given by the cranking model. § 1. Int:roduction Recently microscopic descriptions for nuclear collective motions have been proposed by some authors from new viewpoints.
§ 1
. Int:roduction
Recently microscopic descriptions for nuclear collective motions have been proposed by some authors from new viewpoints. 1 
>'
2 > The essential difference of these viewpoints from the conventional ones is in investigating microscopic structures of nuclear collective motions without introducing any "free" ground• state, which plays an essential role in conventional microscopic theories. These new theories seem to be very useful for the investigation of rotation-like excitation.
If we start from the cranking picture in order to describe rotational motion, we are forced to introduce the deformed Hartree or Hartree-Bogoliubov ground state and to use, to one degree or another, artificial devices of forced rotation. However, in order to have a consistent microscopic description of rotational excitation, we cannot but accept the viewpoint that rotational states may arise as a consequence of the interaction of particles in a spherical potential well.
On the basis of this viewpoint, the present author investigated nuclear rotational motion of one kind of nucleons with a quadrupole interaction in the case of the single.) shell model, together with D.H.E. Gross (hereafter referred to as [IJ) . 1 > The theory [IJ starts from the basic picture that a quadrupole mode should be strongly enhanced in rotational states, as is suggested by the conventional rotational model. From the equation of motion with respect to this strongly enhanced mode, we can get a sum rule with respect to matrix elements of trasition operators which characterize the rotational motion (we call it the sum rule by dynamical restriction). On the other hand, by introducing some relations which govern kinematically the transition operators characterizing the rotational motion, we can obtain sum rules with respect to the matrix elements of the ope-rators, which come from kinematical restrictions. From . these sum rules, we can conclude that the rotational spectrum appears in a case where transition probabilities and quadrupole moments satisfy the relations which are predicted by the conventional rotational model. These are the essntial points of [l] .
The main aim of the present work is to show that the basic idea of [I] may be extended naturally to the proton-neutron system. In this case also, we shall start from the basic picture of a conventional rotational model; in other words, the quadrupole mode should be strongly enhanced. However, there is an additional aspect to take into account, which does not exist in the case of [IJ, i.e., proton and neutron systems are under the restriction that the directions of principal axes of both systems be the same~ On the basis of such pictures, we can get sum rules which come from the dynamical restrictions. On the other hand, the above-mentioned kinematical sum rules can be obtained in a way analogous to that in [IJ. From these sum rules, the same conclusion as in [IJ can be obtained.
For simplicity, we start from the j-j coupling shell model with a quadrupole interaction in which N:P protons and Nn neutrons are in the single particle states j:P and Jm respectively. After giving our basic Hamiltonian, we will discuss basic assumptions ( § 2) . In § 3, we shall give equations of motion for quadrupole modes and investigate the detail structure of these equations. It will be emphasized that the behavior of matrix elements of transition operators of rank 3 is essential for the appearence of the rotational spectrum. Section 4 will be devoted to the derivation of sum rules which are sufficient to determine all transition probabilities, quadrupole moments and excitation energies. In § 5, we will predict that for the mass number N:P~0.35 · (2jp + 1), Np~0.65 · (2jp+ 1), Nn ~0.35 · (2jn + 1) and Nn~0.65 · (2jn + 1) the spectrum is purely rotational, and transition probabilities and quadrupole moments satisfy the relations given by the rotational model. In § 6, we shall discuss· the validity of our treatment, and comparison with a cranking model with axial symmetric deformed Hartree field will be made. One of our conclusions is that the proton-neutron interaction should be strongly attractive or replusive, if the proton and the neutron systems have the same shapes or opposite shapes, respectively. Our results show excellent agreement with the cranking model with respect to the moment of inertia, intrinsic quadrupole moments and collective u-factor. § 2. Basic picture
i) Hamiltonian
For simplicity, we start from the j-j coupling shell model with a quadrupole interaction in which N:P protons and Nn neutrons are in the single particle orbits j:P and Jn, respectively (generally j:P~ Jm and N:P and Nn are even):
Here 'XP is the strength of the proton-proton interaction, which is equal to the neutron-neutron interaction, and XrJ is the strength of the proton-neutron interaction. For the convenience of our discussion, let us introduce the following operators:
where k means the proton or neutron and B:}M(k) is defined by
ii) Basic assumptions 
where we used the Wigner-Eckart theorem
and k in Eq. (2 · 4) means proton or neutron. According to the conventional rotational model, the following picture is essential: (III) the system is strongly deformed with a quadrupole shape and (IV) the proton and the neutron systems rotate under the restriction that the directions of the principal axes of both deformed systems are the same. ·This will be the starting point of our treatment. Condition (IV) tells us that the deformation parameters of proton system, a 2 M(P), should be proportional to those of neutron system, a2M(n), with M-independent proportional constant. If a2M(p) and a2M(n) do not satisfy this relation, it is impossible to transform the proton system from the laboratory to the body-fixed frame with the D-function by which the neutron system is transformed. Quantum-mechanically, this means that there must be a certain linear combination of Q 2 M(P) and Q 2 M(n):
which has negligible matrix elements between states of the ground-state rotational band, because, classically, the quadrupole moment is proportional to the deformation parameter. Therefore Pv(L') and Qv(L') should be negligible:
Condition (III) means that the matrix elements of the following operator, which is linear independent to Eq. (2 · 6), are strongly enhanced compared to the other ones:
, we see that under condition (IV) the matrix elements of Q 2 M(u) are equal to those of 
Inverse relations to Eq. (2 ·11a) are given by
where (2 ·12b) Now, under the above-mentioned conditions, we can get the following relations:
With the aid of the following relation and Eq. (2 · 8):
(2 ·14) we can obtain the following relation:
Solutions of Eq. (2 ·15) are given by Eq. (2 ·13). From Eq. (2 ·13) with Eq. (2 ·10), it is easily shown that projection of .hx(k) in the direction of total angular momentum is Jk(l>JL' (L' + 1) and the orthogonal component vanishes. This means that the angular momenta of the proton and the neutron systems have the same directions as that of total angular momentum, and the total angular momentum is shared between the motion of the proton and the neutron systems in a very simple way, which can be predicted from the conventional rotational model. It is interesting to see that collective g-factor, g R, is given by Jp <l>
. Equations of motion for quad;rupole modes
The starting point of our approach for the description of rotational motion IS the following equations of motion with respect to the quadrupole modes: 
Then the energy spectrum is given by the following equation:
where UhL' is the energy difference between the states I r 0; LLz) and I r 0; L' L/).
With the aid of the quantities defined in Eqs. (2 · 4) together with conditions (2 · 8) and Eq. (2 ·13), Eq. (3 · 3) can be written down as
By dividing both sides of Eq. (3 · 4) for r= u by Pu (L'), we can get
On the other hand, Eq. (3 · 4) for r= v should vanish, because Pv (L') is assumed to be negligibly small. Equation (3 · 5) has the following structure: if Pu (L') is equal to Qu(L') and does not depend on L' (=Ou) and also Jk< 3 l (L') is equal to Jk< 3 l (L') and independent of L' ( =Jk' 3 l), c:I LL' becomes independent of L' and L:
This is just a rotational spectrum. It should be noticed that the above-mentioned condition for Pu (L') and Qu (L') means that the transition probabilities and quadrupole moments satisfy the relations which are predicted by the rotational model (intrinsic quadrupole moment Q 0 is given by v'16n'/5 Qu), and under this condition the rotational spectrum appears. Furthermore, it may be important for the understanding of the rotational motion to investigate the behavior of .hK(k) · In order to understand the effect of JsK(k) much more transparently, let us introduce an effective Hamiltonian on analogy with [IJ, which approximates the original equations of motion for the quadrupole mode Q 2 M(u):
The commutation relation of ftff with respect to Q2M(u), [Q2M(u), fleffJ-, is reduced to Eq. (3 ·1a) for r= u, with the omission of terms related to Q2M(v) and BtM(k) which are assumed to be negligible, if p<I) and (J<I) satisfy the following relations:
ap{3p-anf3n
Then, as was shown in [I] , we can get If the second terms on the right-hand side of Eq. (3 ·11) are negligible compared to the :first ones, it is clear that our spectrum is rotational. However, even if the second terms are not negligible, we can expect a rotational spectrum in the case where the second terms do not depend on L'. This corresponds to the condition that Ik < 3 > (L') is equal to Jk (S) (L') and independent of L'.
Finally, we must point out that our effective Hamiltonian should satisfy the following relation in the same way as [Q2M (v) , H]_:
for r=v.
(3 ·12) Equation (3 ·12) can be given explicitly by
where (3 ·14)
Of course, Eq. (3 ·13) for r= u is the same as Eq. (3 · 4) for r= u. § 4. Generalized sum rules
As was already discussed in § 3, the problems for our description of rotational motion are to find the condition under which Pu(L') is equal to Qu(L') and does not depend on L', and to show that Ik <
) and independent of L' under the above condition for Pu(L') and Ou(L'). In order to do this, the use of sum rules is very powerful as was already demonstrated in [!] .
First, we. should notice that we can calculate ::ILL' from Eq. (3 · 5), if we know six quantities,
together with ap, an, fjP and fin· Of course, for each ::I LL'• there are altogether nine quantities which must be given; however,
are already known from the calculation of the lower energy step c:
Let us start from the derivation of the sum rules which come from dynamical restrictions. We look after a system for which the matrix elments of Q 2 M(u) 
Next, from Eqs. (3 · 4) and (3 ·13) for r= v under the condition that Pv (L') is negligible, we can obtain the following two kinds of sum rules:
(4. 3)
"t ':,vu!G k These three relations are the sum rules which come from dynamical restrictions. Clearly it is impossible to understand our system completely in the framework of the above three relations. Therefore we must intorduce additional sum rules. They come from kinematical restrictions which govern the operators introduced in Eq. (2 · 3). By direct extension of the relation in Eqs. ( 4 · 2) of [IJ, we get the following relation:
-:E zk( 2 ) (JaJ2Jl) :E <JsMaJ2M21JlMI)BJ3M3 (k) B:i2M2 (k)
J2Js M2Ms
+ :E zk< 2 ) (J5J4Ja)Zk<l) CJaJ2J1) :E <J5M5J4M41JaMa)<JsMaJ2M21J1Ml)
J2 ... Js

M2-Ms
(4 ·4a) where
With the omission of coupling to the other bands, <ro; L'iiB: 
Applying this relation to the case of <ro; L'IIB1 + (k) llro; L') with the aid of Eqs. (2 · 2), (2 · 4), (2 · 8) and (2 ·13), we can get the following relation:
where (4·7)
In the same way, we can obtain the following relations from <ro; L'IIB:
Here we should notice that the left-hand sides of Eqs. ( 4 · 8) and ( 4 · 9) are independent of proton and neutron. Therefore, we have the following relations:
From Eqs. ( 4 ·10) and (2 · 7), {3p and f3n are given by
Putting Eqs. (4·12) and (4·7) into Eq. (4·11), we get the following equation:
The above relation (4 ·13) means that the restriction which we give the quadrupole modes in the proton and the neutron systems can be realized only if Np and Nn satisfy Eq. ( 4 ·13) . Putting Eqs. ( 4 ·12) and ( 4 ·13) into Eqs. ( 4 · 8) and ( 4 · 9), we can obtain the following two relations: 
and solve these equations successively in the same way as in the case of Pu (L') and Ou (L'). Here we should notice the following two points: i) our equations are applicable only in a system which contains NP and Nn given by Eq. ( 4 ·13), and ap and an should be independent of L' in spite of solving ap and an in each step from lower L'. Finally we should stress again that our basic equations in this section were derived following the basic assumption which was discussed in § 2. § 5. Determination of the energy spectrum, transition probabilities and quadrupole moments
We are now able to obtain a complete description of our system. This section will be devoted to finding the solutions which express nuclear rotational motion, following the discussion in § 3. Using the procedure of § 4, we can find from Eqs. (4·13), (4·14) and (4·15) the solutions with Pu(L') =Ou(L') (=Qu; independent of L') in the following mass regions:
(5 ~I a) and in these cases ok (O) is given by
Therefore, Ou and f3~c is given by
Next,_ substituting the above results into Eqs. (4·1), (4·2), (4·3), (4·6) and ( 4 ·16), the following equations are obtained: :
By solving these equations successively from the lowest (L" = 0) state, we can obtain t4.e following results: Putting these results into Eq. (3 · 5), the following moment of inertia can be obtained: (5 ·12) where
)
and Jk< 1 > and Jk< 8 > are given by
( 5 ·15) Equation (5 ·12 <Nn/ (2jn + 1) <1, respectively. The situation in the case of the neutron system is also the same as the proton system. Collective u-factor, UR, is given by § 6. Discussion i) .
Consistency of the results with the assumptions
In the previous section, we arrived at some relations which characterize the ground-state rotational band of even-even deformed nuclei. However, it is not self-evident that the results are consistent with the assumptions. In this subsection we will give the following physically acceptable conditions under which there is no inconsistency: (A) Our results are consistent under the conditions that j 11 and jn are large and L is small (low excited states).
(B) Our moment of inertia has its meaning in the case that c:I 11 and c:In are positive quantities. (C) Our results are reliable under the condition that the proton-neutron interaction is strongly attractive or repulsive in the case that proton and neutron systems have the same shapes or opposite shapes, respectively. In order to recall our starting assumptions, we will summarize them as follows:
(I) lr 1 : liz) which belongs to the other bands is much higher than the ground- where ErJ are the eigenvalues of the states lr; JJz) and we used En2-Eroo >Ero2-Eroo which comes from assumption (I). By substituting our basic assumptions and results in relation (6 ·1), we can obtain the following inequality:
where
Therefore the relation (6 · 2) can be rewritten approximately by (6·4)
As g-11 + g-n ( = q) should be positive, we can get and (6·5) This is exactly condition (B) . We can see from Jk (I)= q k!q>o that proton and the neutron systems rotate in the same directions, and this fact supports our basic picture. Condition (C) can be derived from the following argument. First, we set up the following double commutator: .
ii) Comparison of the results with the cranking model
Finally, we compare our results with the cranking model with the axial symmetric deformed Hartree model. First we list the main features of the cranking model. The intrinsic quadrupole moments of proton or neutron systems Qk CO) which Corresponds to Qk(O) The collective Y-factor can be given by -gp YR= q.
The above solutions were obtained under the following conditions:
and Q - (0) n >O.
pQn (0) + <JQp (0) (6 ·15) (6 ·16) (6 ·17)
As was already shown in [IJ, the oblate and the prolate shapes are favourable in the regions O<n~c<0.5 and 0.5<n~c<1, respectively. In these cases the results obtained by using the cranking model are reliable in the regions 0.125:Sn~c :S0.425 and 0.575:Sn~c:S0.895. In Table I , we will show some numerical results of our theory and cranking model in the mass regions n~c = 0.348 and 0.652 where rotational motion can be expected for large jk from our theory. We can see that our results show excellent agreement with those by the cranking model by comparing Eqs. (5 ·12) "'--' (5 ·15) with Eqs. (6 ·12) "' --' (6 ·16) and Table I . 
